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Abstract
Some geometry and combinatorics of orthogonal and symplectic polarities commuting with a unitary
polarity are investigated.
c© 2006 Elsevier Ltd. All rights reserved.
0. Introduction
The notion of commuting polarities was introduced by Tits in 1955 [13]. In a paper completely
devoted to the Hermitian geometry over a finite field [8], Segre developed the theory of polarities
commuting with a unitary polarity. We believe that Segre’s paper represents one of the most
beautiful chapters in finite geometries.
In this paper we investigate some geometry and combinatorics of orthogonal and symplectic
polarities commuting with unitary polarities.
In Section 1, after some basic preliminaries on Hermitian curves and Hermitian surfaces,
we introduce the geometry of symplectic and orthogonal polarities commuting with a unitary
polarity.
In Section 2, we report some known facts about conics commuting with a Hermitian curve and
in particular show that such conics may always be used as building blocks for at least classical
unitals.
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In Section 3, the starting point is the construction of the rational curveK := {(1, t, tq+1 | t ∈
G F(q2))}∪ {(0, 0, 1)} as the union of all q +1 conics of PG(2, q2), q odd, commuting with the
Hermitian curve of equation X0 Xq2 − 2Xq+11 + X2 Xq0 = 0 and passing through the two points
(1, 0, 0) and (0, 0, 1). The point set of the curve K is a set of type [0, 1, 2, q + 1]1 (i.e., it is a
subset of points of PG(2, q2) such that any line of PG(2, q2) meets it in either 0, 1, 2 or q + 1
points). Such a set is called a CF -set (after [3]). Next, we investigate some connections between
CF -sets and elliptic quadrics of PG(3, q). We conclude this section using again some geometry
of orthogonal polarities commuting with a unitary polarity in order to construct a new subset of
type [0, 1, 2, q + 1]1 of a Hermitian curve different from the CF -set mentioned above.
In the last section, first and most important, we show that there exists a connection between
the curve K and regular symplectic spreads of PG(3, q).
Some effort was made to ensure a coherent and well-harmonized presentation of the various
sections.
1. Preliminaries
Let PG(2, q2) denote the Desarguesian projective plane over the finite field G F(q2), where q
is any prime power. A Hermitian curveH(2, q2) in PG(2, q2) is defined as the set of all isotropic
points of a non-degenerate unitary polarity ⊥ of PG(2, q2). The number of points ofH(2, q2) is
q3 + 1. If P is a point in PG(2, q2), then the polar line P⊥ of P with respect to H(2, q2) meets
H(2, q2) in 1 or q + 1 points, according as whether P lies onH(2, q2) or does not. Similarly, if
l is a line in PG(2, q2), the pole l⊥ of l with respect to H(2, q2) lies on H(2, q2) or does not,
according as whether l meets H(2, q2) in 1 or q + 1 points. Lines of the first type are called
tangents, while those of the second type are called secants or chords of H(2, q2). There is just
one tangent at every point P ∈ H(2, q2), whereas the remaining q2 lines through P are secants.
If P ∈ H(2, q2), then through P there are q + 1 tangents (meeting H(2, q2) in the points of
P⊥ ∩H(2, q2)) and q2 − q secants.
Let PGU3(q2) denote the projective unitary group associated with ⊥, then the following
properties hold (for more details see [7] and [11]).
(a) The group PGU3(q2) acts doubly transitively on the set of points of H(2, q2).
(b) If P is a non-isotropic point in PG(2, q2), then the group of all unitary homologies with
centre P and axis the polar line P⊥ of P is a cyclic group of order q + 1.
(c) If P is a point of H(2, q2), then the group of all unitary elations with centre P and axis P⊥
has order q .
(d) If P and Q are two distinct points of H(2, q2), then the stabilizer in PGU3(q2) of the two
points P and Q is a cyclic group of order q2 − 1.
(e) If P is a point of H(2, q2) then the stabilizer H in PGU3(q2) of P contains a normal
subgroup of order q3 which acts transitively on the set of points ofH(2, q2) distinct from P .
The centre of H coincides with the commutator subgroup which turns out to be the group of
all unitary elations with centre P and axis the polar line P⊥ of P .
In PG(3, q2) a Hermitian surface is defined to be the set of all isotropic points of a non-
degenerate unitary polarity, and it is denoted byH(3, q2).
A Hermitian surfaceH(3, q2) has the following properties (for more details, see [8]).
1. The number of points on it is (q2 + 1)(q3 + 1).
2. Any line of PG(3, q2) meets H(3, q2) in either 1 or q + 1 or q2 + 1 points. The latter lines
are the generators of H(3, q2), and they are (q + 1)(q3 + 1) in number. The intersections of
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size q + 1 are Baer sublines, whereas lines meeting H(3, q2) in one point are called tangent
lines.
3. Through every point P of H(3, q2) there pass exactly q + 1 generators, and these generators
are coplanar. The plane containing these generators, say πP , is the polar plane of P with
respect to the unitary polarity defining H(3, q2). The tangent lines through P are precisely
the remaining q2 − q lines of πP incident with P , and πP is called the tangent plane to
H(3, q2) at P .
A t-span ofH(3, q2) is a set of t pairwise disjoint generators, and it is said to be complete
if it is not contained in a (t + 1)-span.
4. Every plane of PG(3, q2) which is not a tangent plane to H(3, q2) is called a secant plane
and meets H(3, q2) in a Hermitian curveH(2, q2).
1.1. Commuting unitary and orthogonal polarities
Let H(3, q2) be a Hermitian surface of PG(3, q2). Let B be an orthogonal polarity
commuting with the unitary polarity U associated with H(3, q2). Set V = BU = UB. Then
(see [8]) V is a non-linear collineation and fixes either (q + 1)2 or q2 + 1 points on H(3, q2),
yielding a hyperbolic quadric Q+(3, q) or an elliptic quadric Q−(3, q), respectively, embedded
in a Baer subgeometry B of PG(3, q2). In both cases B ∩ H(3, q2) = Q±(3, q). Notice that
the points of H(3, q2) fixed under V are those admitting the same tangent plane with respect
to both the orthogonal polarity and the unitary polarity. Hence, the projective orthogonal group
PGO4 (q),  = ±, associated with B turns out to be a subgroup of the projective unitary group
PGU4(q2) associated with U .
In terms of forms, let us assume that (V , g) is a 4-dimensional unitary space over G F(q2).
Let F be the subfield of G F(q2) of index two, i.e., G F(q). Choose a basis b = {v1, . . . , v4}
of V such that g(vi , v j ) ∈ F for all i and j , and let W denote the F-span of b. The
restriction g¯ of g to W is a non-degenerate symmetric bilinear form. If b is an orthonormal
basis, then the discriminant of g¯ is a square. By replacing v1 by βv1, where β is a generator
of G F(q2)∗, the discriminant of g¯ becomes a non-square. Therefore, we obtain the embeddings
O4 (q) < GU4(q
2), for both  = + and  = −. Factoring out scalars, we get the embeddings
P O4 (q) < PGU4(q
2).
1.2. Commuting unitary and symplectic polarities
Let A be a symplectic polarity commuting with the unitary polarity U associated
with H(3, q2). Set V = AU = UA. Then (see [8]) V is a non-linear collineation, it fixes
q3 + q2 + q + 1 points on H(3, q2), but fixes no point outside H(3, q2), and leaves invariant
the same number of generators of H(3, q2). Each fixed point is incident with q + 1 invariant
generators, and each invariant generator is incident with q + 1 fixed points. This symmetric
configuration W on H(3, q2) extends to a 3-dimensional projective space Σ0 ∼= PG(3, q), by
adding the q2(q2 + 1)V-invariant lines which are not generators ofH(3, q2). In this context, Σ0
is naturally equipped with the symplectic polarity A whose isotropic lines are the lines of the
above symmetric configurationW , andW ∼= W3(q) is a symplectic polar space. IfH(3, q2) has
canonical equation Xq+10 + Xq+11 + Xq+12 + Xq+13 = 0, thenW can be described as the subset of
points ofH(3, q2) whose coordinates are of the form (a, ρaq, b, ρbq), where a, b, ρ ∈ G F(q2)
with ρq+1 = −1 (see [8]). The projective symplectic group PSp4(q) associated with A turns
out to be a subgroup of the projective unitary group PGU4(q2) associated with U .
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In terms of forms, we start from a symplectic geometry (V , A), where V is a 4-dimensional
vector space over G F(q) and A is a symplectic form on V . Let ω be an element of G F(q2) \
G F(q). Then G F(q2) = G F(q) ⊕ G F(q)ω, and we define W := {(α + βω)v | α, β ∈
G F(q), v ∈ V } ∼= V ⊗ G F(q2). Any vector w ∈ W can be written as w =∑ vi ⊗ (ai +biω) =∑
(vi ⊗ 1)ai +∑(vi ⊗ ω)bi = (∑ vi ai ) ⊗ 1 + (∑ vi bi ) ⊗ ω, which we rewrite as w1 + w2ω.
Using this notation, we have (α + βω)(w1 + w2ω) = (αw1 + βω2w2) + (βw1 + αw2)ω. There
is a natural extension of A to an anti-Hermitian form C : W × W → G F(q2) given by:
C(w1 + w2ω, v1 + v2ω) = A(w1, v1) + ωωq A(w2, v2) + ωA(w2, v1) + ωq A(w1, v2).
If q is even, then C is already a Hermitian form. In all cases, there exists τ ∈ G F(q2) such that
τ q = −τ and τC is a Hermitian form with the same group as C . We write h for τC and note
that h does not depend on the choice of ω. Denoting by GU4(q2) the group of all similarities of
h and by Sp4(q) the group of all isometries of A, we obtain the embedding Sp4(q) ≤ GU4(q2).
Factoring out scalars yields the embedding PSp4(q) ≤ PGU4(q2).
2. Some geometry of commuting orthogonal and unitary polarities
In this section we investigate some geometry of commuting orthogonal and unitary polarities.
Fix any two points on a Hermitian curve H(2, q2), say P and Q, then the number of conics of
PG(2, q2), q odd, commuting with H(2, q2) and passing through P and Q is q + 1. Each of
these conics intersects H(2, q2) in a Baer subconic the union of which turns out to be a rational
curveX . The curveX has many nice properties and its geometry is related to other combinatorial
structures.
2.1. Conics commuting with a Hermitian curve
Let H(2, q2) denote a Hermitian curve, q = ph , with p an odd prime and h ≥ 1. There are
q2(q3 + 1) conics of PG(2, q2) commuting with H(2, q2) on which the group PGU3(q2) acts
transitively. Each of the above conics meetsH(2, q2) in a subconic of a Baer subplane PG(2, q)
of PG(2, q2). It follows that the number of these subconics is q2(q3 + 1) as well, and each
of them contains q(q+1)2 pairs of distinct points of H(2, q2). Since H(2, q2) has q3 + 1 points
and PGU3(q2) acts 2-transitively on them, we conclude that through any two distinct points of
H(2, q2) there pass q + 1 conics commuting withH(2, q2). Through any three distinct points of
H(2, q2) exactly one conic passes commuting withH(2, q2) [8, Section 53]. For more details on
conics commuting with a Hermitian curve, and some related interesting properties, see [8] (see
also [4]).
Now, we define the incidence structure U as follows. The points of U are those of H(2, q2)
and the blocks of U are the subconics. It turns out that U is a 3-(q3 + 1, q + 1, 1)-design and
the number of blocks on a point, that is, the number of conics of PG(2, q2) commuting with
H(2, q2) and passing through a point is q2(q +1). Let C be one of these subconics and P a point
of C. The stabilizer of P in PGU3(q2) contains a p-subgroup H of order q3, fixing the point P
and acting transitively on the remaining points of H(2, q2). The centre of H coincides with the
commutator subgroup H ′ and has order q . Since H is transitive on the points of H(2, q2) \ {P},
for every point Q of H(2, q2) different from P there is a subconic through P and Q. Let J be
a subgroup of H of order q2 such that the quotient J/H ′ is not isomorphic to H ′. Then, J is an
elementary abelian group that does not fix C and so the orbit of C under J gives q2 subconics, any
two of them sharing only the point P . These q2 copies of C cover the Hermitian curveH(2, q2).
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LetH(2, q2) be the Hermitian curve of PG(2, q2), q odd, with equation
X0 X
q
2 − 2Xq+11 + X2 Xq0 = 0.
Consider the family C = {Ca} of non-singular conics of PG(2, q2)
Ca : X0 X2 − a X21 = 0,
where a is a (q + 1)-st root of unity in G F(q2). It is easily seen that Ca commutes withH(2, q2)
(see [8]), and any two conics of the family C share only the two points P0 := (1, 0, 0) and
P∞ := (0, 0, 1). Since |C| = q + 1, C is the set of all conics of PG(2, q2) commuting with
H(2, q2) and passing through P0 and P∞.
Set Qa := Ca ∩ H(2, q2). From [8], Qa is a conic defined over G F(q). In particular, a
point which lies on Ca has homogeneous projective coordinates (0, 0, 1) or (1, t, at2), with
t ∈ G F(q2). Obviously, P∞ ∈ H(2, q2), hence P∞ ∈ Qa . The point Pt := (1, t, at2) lies
on the Hermitian curveH(2, q2) if and only if t2(aqt2q−2 − 2tq−1 + a) = 0. For t = 0, we get
the point P0 = (1, 0, 0). If t = 0, setting s = tq−1 yields aqs2 − 2s + a = 0. Then, Pt ∈ Qa ,
with t ∈ G F(q2)∗, if and only if tq−1 = a. Since aq+1 = 1, this equation admits q − 1 distinct
solutions. Therefore
Qa = {(1, t, at2) | t ∈ G F(q2)∗, tq−1 = a} ∪ {P0, P∞}.
Set K := ⋃Qa . Then, K has size q2 + 1. It is easily seen that each point of K lies on the curve
X with equation X0 Xq2 − Xq+11 = 0. Hence, the set
K = {(1, t, tq+1) | t ∈ G F(q2)} ∪ {(0, 0, 1)}
coincides with the set of q2 + 1G F(q2)-rational points of X . The set K is a set of type
[0, 1, 2, q + 1]1. Notice that the set K coincides with one of the sets studied by Donati and
Durante in [3].
From now on we refer to the set K (for any q) as a CF -set (after [3]).
2.2. CF -sets and elliptic quadrics of PG(3, q)
In this section we wish to prove the following theorem.
Theorem 2.1. To a CF -set of H(2, q2) there corresponds an elliptic quadric Q−(3, q) of
PG(3, q), and conversely.
Proof. Let X0, X1, X2 be homogeneous projective coordinates in PG(2, q2), q a prime power.
Consider the CF -set K = {(1, t, tq+1) | t ∈ G F(q2)} ∪ {P∞ = (0, 0, 1)}, and the map Φ : K →
PG(3, q2) which maps any point Pt := (1, t, tq+1) of K to Φ(Pt ) := (1, t, tq , tq+1) and P∞
to Φ(P∞) := (0, 0, 0, 1). The map Φ is injective. The set Q := Φ(K) = {(1, t, tq , tq+1) | t ∈
G F(q2)} ∪ {(0, 0, 0, 1)} corresponds to an elliptic quadricQ−(3, q) of PG(3, q).
Conversely, denote by X0, X1, X2, X3 homogeneous projective coordinates in PG(3, q2),
and set Q := (0, 0, 1, 0). The point Q does not lie on the elliptic quadric Q. So, the projection
ρ of Q from Q onto the projective plane π : X2 = 0 of PG(3, q2) is well defined. Obviously,
since Q0 := (1, 0, 0, 0) and Q∞ := (0, 0, 0, 1) lie on π , it follows that ρ(Q0) = Q0 and
ρ(Q∞) = Q∞. For any t ∈ G F(q2)∗, setting Qt := (1, t, tq , tq+1), the line Qt Q corresponds
to the point set {(1, t, tq + λ, tq+1) | λ ∈ G F(q2)} ∪ {(0, 0, 1, 0)} and it turns out that
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ρ(Qt ) := Qt Q ∩ π = (1, t, 0, tq+1). Now, observe that there are no 2-secant lines of Q
passing through Q. Indeed, if Qt1 := (1, t1, tq1 , tq+11 ) and Qt2 := (1, t2, tq2 , tq+12 ) are any two
distinct points of Q, with t1, t2 ∈ G F(q2) ∪ {∞} and t1 = t2, the point Q lies on the line
Q1 Q2 := {(1 + λ, t1 + λt2, tq1 + λtq2 , tq+11 + λtq+12 ) | λ ∈ G F(q2)} ∪ {(1, t2, tq2 , tq+12 )} if and
only if λ = −1, that is, t1 = t2, a contradiction. Therefore, |ρ(Q)| = q2 + 1 and one can choose
homogeneous projective coordinates in the plane π in such a way that ρ(Q) is the set of points
{(1, t, tq+1 | t ∈ G F(q2))} ∪ {(0, 0, 1)}. Such a set coincides with the CF -set K. 
Remark 2.2. The Klein representation of the lines of PG(3, q2) as points of Q+(5, q2) yields
that to the totally isotropic lines of a unitary polarity U of PG(3, q2) associated with a Hermitian
surface H(3, q2) correspond the points of an elliptic quadric Q−(5, q) (see [1]). Let π be
a plane of PG(5, q2) which is non-degenerate with respect to the orthogonal polarity ⊥ of
PG(5, q2) defined by the quadratic form associated with Q+(5, q2). The planes π and π⊥
intersectQ+(5, q2) in a conic. Each point on one conic is orthogonal to every point on the second
one. Thus, such conics correspond to the set of lines in PG(3, q2) which lie on a hyperbolic
quadric Q+(3, q2). By [8] the intersection of H(3, q2) and Q+(3, q2) lies in a subgeometry
PG(3, q) where it forms an elliptic quadricQ−(3, q). The q2 +1 points ofQ−(3, q) correspond
to the lines of a partial spread S0 of Q−(5, q) (see [2]) or, to be more precise, the q + 1 points
on a line of S0 correspond to the q + 1 tangent lines through a point of Q−(3, q). Such partial
spread S0 ofQ−(5, q) is a so-called BLT-set (see [9]), that is, a set of q2 +1 mutually skew lines
of Q−(5, q) with the property that every line of Q−(5, q), which is not a member of S0, meets
non-trivially exactly two or none of the lines of S0. For more details see also [2].
Remark 2.3. From [3] it follows that there are q − 1(q + 1)-secant lines to K through the point
P := (0, 1, 0), which is not on K. Firstly, observe that the line through P with equation X2 = 0
meets the set K only at the point P0. The line X0 + λX2 = 0, λ ∈ G F(q2), is a (q + 1)-secant
to K if and only if λ = − 1
t q+1 , that is, if and only if λ
q−1 = 1. Let λ1, λ2, . . . , λq−1 be the
(q − 1)-st distinct roots of unity in G F(q2). Any line rλi : X0 +λi X2 = 0, for i = 1, . . . , q − 1,
meets K in the point set rλi ∩ K = {(1, t, tq+1) | t ∈ G F(q2)∗, tq+1 = − 1λi }. Since λ
q−1
i = 1,
the equation tq+1 = − 1
λi
admits q + 1 distinct solutions in G F(q2). Hence, |rλi ∩ K| = q + 1,
for any i ∈ {1, . . . , q − 1}.
Remark 2.4. Using the same arguments as in Remark 2.3, if λi is a (q − 1)-st root of unity
in G F(q2), then the point set {(1, t, tq+1) | t ∈ G F(q2)∗, tq+1 = − 1
λi
} of PG(2, q2)
corresponds to the q + 1 points of intersection between K and the (q + 1)-secant line rλi :
X0 + λi X2 = 0 to K. The map Φ defined in this section takes such a point set to the point
set Fλi := {(1, t, tq , tq+1) | t ∈ G F(q2)∗, tq+1 = − 1λi } of PG(3, q2). Such a set Fλi has
q + 1 points, and these points lie on Q. The set Fλi is contained in the plane of PG(3, q2)
with equation X0 + λi X3 = 0. Hence, Fλi is a non-singular conic defined over G F(q) and is
contained in Q. In this way, we obtain a partition of the point set of Q \ {Q0, Q∞} into q − 1
mutually disjoint conics defined over G F(q) not passing through Q0, Q∞. Such conics form the
so-called linear flock of the elliptic quadricQ (see [12]).
Remark 2.5. Now, fix the points Q0 := (1, 0, 0, 0) and Q∞ := (0, 0, 0, 1) on the elliptic quadric
Q. Any plane of PG(3, q2) through the line Q0 Q∞ and distinct from the plane π : X2 = 0, has
equation X1 +λX2 = 0, where λ ∈ G F(q2). A plane πλ : X1 +λX2 = 0 intersectsQ in a conic
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defined over G F(q) if and only if the equation t + λtq = 0 has q + 1 distinct solutions. This
holds if and only if λq+1 = 1. Let λ1, λ2, . . . , λq+1 be the (q + 1)-st distinct roots of unity in
G F(q2). Any plane πλi : X1 + λi X2 = 0, for i = 1, . . . , q + 1, meetsQ in the conic Γλi whose
point set is the following{
(1, t, tq , tq+1) | t ∈ G F(q2)∗, tq−1 = − 1
λi
}
∪ {Q0, Q∞}.
Using the projection ρ ofQ from Q := (0, 0, 1, 0) on the plane π and arguing as in the proof of
Theorem 2.1, it can be proved that ρ(Γλi ) corresponds to the point set of PG(2, q2){
(1, t, tq+1) | t ∈ G F(q2)∗, tq−1 = −1
λ i
}
∪ {P0 = (1, 0, 0), P∞ = (0, 0, 1)}.
Since ρ is an injective map |ρ(Γλi )| = q + 1. As λq+1i = 1, for any i ∈ {1, . . . , q + 1}, it is
easily seen that the points of ρ(Γλi ) lie on the non-singular conic Cλi of PG(2, q2) with equation
X0 X2 + 1λi X21 = 0. By previous arguments, if q is odd, these conics are all conics of PG(2, q2)
commuting with the Hermitian curve H(2, q2) with equation X0 Xq2 − 2Xq+11 + X2 Xq0 = 0
and passing through P0 and P∞. It turns out that ρ(Γλi ) = Cλi ∩ H(2, q2) and the point set⋃q+1
i=1 ρ(Γλi ) coincides with the CF -set K.
Remark 2.6. Set P := (0, 0, 1) and denote by H ′ the root group of SU3(q2) with centre P and
axis P⊥. The group H ′ has order q and its elements are represented by matrices of the form⎛
⎝1 0 α0 1 0
0 0 1
⎞
⎠
where α ∈ G F(q2) and αq + α = 0. Such a group acts on K fixing only the point P . The action
of H ′ takes K to the point set
{(1, t, tq+1 + α) | t, α ∈ G F(q2), αq + α = 0} ∪ {(0, 0, 1)},
which coincides with the Hermitian curveH(2, q2).
Finally, we prove the following result.
Proposition 2.7. The CF -set K is the base locus of q Hermitian curves of PG(2, q2).
Proof. Let H be an arbitrary Hermitian curve of PG(2, q2) with equation
a Xq+10 + bXq+11 + cXq+12 + d Xq0 X1 + dq X0 Xq1 + eXq0 X2 + eq X0 Xq2
+ f Xq1 X2 + f q X1 Xq2 = 0.
Recall that K = {(1, t, tq+1) | t ∈ G F(q2)} ∪ {(0, 0, 1)}. If K is contained in H, then
a = c = d = f = 0 and b + e + eq = 0. Thus, the equation ofH becomes
eXq0 X2 + eq X0 Xq2 + bXq+11 = 0, (1)
where e ∈ G F(q2) and b = −(e + eq). Obviously, this equation represents a Hermitian curve if
and only if
e = 0 and eq−1 = −1. (2)
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Now, let H1 be another Hermitian curve of PG(2, q2), containing the CF -set K and different
fromH. Let H1 be represented by the equation
e1 X
q
0 X2 + eq1 X0 Xq2 − (e1 + eq1 )Xq+11 = 0, (3)
with e1 ∈ G F(q2)∗ and eq−11 = −1.
We study the intersection betweenH andH1. By (1), we get
Xq+11 =
eXq0 X2 + eq X0 Xq2
e + eq
and replacing in (3) we obtain
e1 X
q
0 X2 + eq1 X0 Xq2 −
e1 + eq1
e + eq (eX
q
0 X2 + eq X0 Xq2 ) = 0 ⇔
Xq0 X2
(
e1eq − eeq1
e + eq
)
+ X0 Xq2
(
ee
q
1 − e1eq
e + eq
)
= 0. (4)
Set λ := e1eq − eeq1 and assume λ = 0. Eq. (4) is equivalent to
λXq0 X2 + λq X0 Xq2 = 0 ⇔ λX0 X2(Xq−10 − Xq−12 ) = 0. (5)
If X0 = 0 or X2 = 0, we get the points P∞ = (0, 0, 1) and P0 = (1, 0, 0), respectively,
which belong to H ∩ H1. If X0 = 0 and X2 = 0 the solutions of (5) are those of the
equation αq−1 = 1, where α = X0X2 . The latter equation admits q − 1 distinct solutions
α1, . . . , αq−1 in G F(q2). For any i ∈ {1, . . . , q − 1} the intersection H ∩ H1 contains the
points whose homogeneous coordinates are (X0, X1, X2) where X2 = 0, X0 = αi X2 and
Xq+11 =
eα
q
i +eqαi
e+eq X
q+1
2 = αi Xq+12 . Hence, for any i ∈ {1, . . . , q − 1}, there are q + 1 such
points. Thus, |H ∩H1| = (q − 1)(q + 1) + 2 = q2 + 1. Consequently,H ∩H1 = K.
If λ = 0, thenH = H1. But the condition λ = 0 is equivalent to the equation eeq1 − eqe1 = 0,
that is, x − xq = 0, where x = eeq1 ∈ G F(q2)∗. The latter equation admits q − 1 distinct
solutions. Therefore, by taking into account (1), (2) and this last remark, we are done. 
Remark 2.8. Notice that Kestenband, in [6], already observed that two Hermitian curves can
intersect in q2 + 1 points.
2.3. A new set on H(2, q2) of type [0, 1, 2, q + 1]1
In this section we construct a subset of PG(2, q2), q odd, of type [0, 1, 2, q + 1]1 different
from the set K.
Let H(2, q2) be the Hermitian curve of PG(2, q2) with equation
X0 X
q
2 + Xq0 X2 − 2Xq+11 = 0.
Consider the non-singular conic of PG(2, q2) with equation X0 X2 − X21 = 0. Such a conic
commutes with H(2, q2). Denote by C the intersection between such a conic and H(2, q2). We
have already shown that C is a conic defined over G F(q). The subconic C corresponds to the
point set
{(1, t, t2) | t ∈ G F(q2)∗, tq−1 = 1} ∪ {(1, 0, 0), (0, 0, 1)}.
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Set P := (0, 0, 1) and recall that the elements of the root group H ′ of SU3(q2) with centre P
and axis P⊥ are represented by matrices of the form⎛
⎝1 0 α0 1 0
0 0 1
⎞
⎠
where α ∈ G F(q2) and αq + α = 0. Such a group acts on C fixing only the point P . The action
of H ′ takes C to the point set
F = {(1, t, t2 + α) | t, α ∈ G F(q2), tq−1 = 1, αq + α = 0}
∪ {(1, 0, α) | α ∈ G F(q2), α + αq = 0} ∪ {(0, 0, 1)}.
By definition, |F | = q2 + 1.
Proposition 2.9. The set F is a subset of H(2, q2) of type [0, 1, 2, q + 1]1.
Proof. Since F ⊂ H(2, q2) there exist 0-secants and 1-secants to F . We must show that any
other line of PG(2, q2) which is neither external nor tangent toF is i -secant toF , i ∈ {2, q +1}.
Set
A := {(1, t, t2 + α) | t, α ∈ G F(q2), tq−1 = 1, αq + α = 0},
B := {(1, 0, α) | α ∈ G F(q2), α + αq = 0},
then F = A ∪ B ∪ {P}.
First of all, consider the line P Pα joining the point P with the point Pα := (1, 0, α) of the set
B. Such a line corresponds to the point set
{(1, 0, α + λ) | λ ∈ G F(q2)} ∪ {(0, 0, 1)}.
The line P Pα contains no point of the set A, whereas it meets the set B in all of its points. It
follows that such a line is (q + 1)-secant to F .
Now, take the line Pα1 Pα2 joining two distinct points Pα1 := (1, 0, α1) and Pα2 := (1, 0, α2)
of B. Such a line is the following point set
{(1 + λ, 0, α1 + λα2) | λ ∈ G F(q2)} ∪ {(1, 0, α2)}.
It can be easily verified that the line Pα1 Pα2 is 2-secant to F . The same result is obtained when
we consider both the line joining two distinct points of A and the line joining a point of A with
a point of B.
Finally, let P Ptα be the line through the point P and the point Ptα := (1, t, t2 + α) of A. The
line P Ptα is the point set
{(1, t, t2 + α + λ) | λ ∈ G F(q2)} ∪ {(0, 0, 1)}.
It is straightforward to prove that no point of B lies on the line P Ptα , whereas the intersection
between P Ptα andA is the following point set
{(1, t, t2 + α) | α ∈ G F(q2), α + αq = 0} ∪ {(0, 0, 1)}.
Hence, the line P Ptα is (q + 1)-secant to F . From the previous arguments it also follows that
there are q (q + 1)-secant lines to F which pass through the point P . 
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3. Some geometry of commuting symplectic and unitary polarities
3.1. CF -sets and symplectic spreads
Our main purpose here is to prove the following theorem.
Theorem 3.1. To a CF -set of H(2, q2) there corresponds a regular symplectic spread of
PG(3, q), and conversely.
Let X0, X1, X2, X3 be homogeneous projective coordinates in PG(3, q2), q even. Let ω ∈
G F(q2) \ G F(q) andH be the Hermitian surface of PG(3, q2) with equation
ωX0 X
q
2 + X1 Xq3 + ωq X2 Xq0 + X3 Xq1 = 0
and let π be the plane X3 = ωq X1. The plane π is secant to H and let H¯ := H ∩ π be the
Hermitian curve with equation
ωX0 X
q
2 + (ω + ωq)Xq+11 + ωq X2 Xq0 = 0 .
It is easy to see that the set
Σ0 := {(ω−1ρaq, b, ρbq , a) | a, b ∈ G F(q2), ρq+1 = 1}
is a symplectic subgeometryW3(q) embedded inH (see [8]). Next, consider the family of q2+1
lines of PG(3, q2) given by the equations
rt :
{
X1 = t X0
X2 = ω−q tq X3 t ∈ G F(q
2) ∪ {∞}. (6)
It turns out that all these lines are generators of H.
We show that the lines rt ’s are pairwise skew.
Obviously, r∞ ∩ rt = ∅ for any t ∈ G F(q2). The two lines rt1 and rt2 , with t1, t2 ∈ G F(q2),
are skew if and only if∣∣∣∣∣∣∣∣
t1 1 0 0
0 0 1 ω−q tq1
t2 1 0 0
0 0 1 ω−q tq2
∣∣∣∣∣∣∣∣
= 0,
if and only if t1 = t2. Therefore, these lines form a (q2 + 1)-span of H.
Each line rt meets the plane π at the point Pt . Since
rt ∩ π :
⎧⎨
⎩
X1 = t X0
X2 = ω−q tq X3
X3 = ωq X1
⇔
⎧⎨
⎩
X1 = t X0
X2 = tq X1
X3 = ωq X1
it is straightforward that P∞ = (0, 0, 1) and Pt = (1, t, tq+1), for any t ∈ G F(q2).
Set
L := {(1, t, tq+1, ωq t) | t ∈ G F(q2)} ∪ {(0, 0, 1, 0)}
and
K := {(1, t, tq+1) | t ∈ G F(q2)} ∪ {(0, 0, 1)}.
Therefore, the set K coincides with the CF -set studied in the previous section.
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Now, we need the following result.
Proposition 3.2. K ∩ Σ0 = {(1, t, 1) | t ∈ G F(q2)∗, tq+1 = 1}.
Proof. It is clear that P0 and P∞ do not lie on the symplectic subgeometry Σ0. Let Pt =
(1, t, tq+1, ωq t) be a point of L with t ∈ G F(q2)∗. Then
Pt ∈ Σ0 ⇔
⎧⎪⎪⎨
⎪⎪⎩
ω−1ρaq = 1
b = t
ρbq = tq+1
a = ωq t .
⇔ ρtq = tq+1 ⇔ t = ρ
Since ρ is a (q + 1)-st root of unity in G F(q2), |K ∩ Σ0| = q + 1. 
Remark 3.3. All q + 1 points of K ∩ Σ0 are collinear. This fact can be seen by direct
computations. It is also a consequence of [10].
Now, for each point Pt ∈ L the equation of the tangent plane to H at Pt is the following:
πPt : ωtq+1 X0 + ωtq X1 + ωq X2 + tq X3 = 0.
In particular,
πP0 : X2 = 0 and πP∞ : X0 = 0.
Proposition 3.4. Any line rt , with t ∈ G F(q2) ∪ {∞}, meets the symplectic subgeometry Σ0 in
a Baer subline. Such sublines form a symplectic spread of Σ0.
Proof. Firstly consider the intersection between r∞ and Σ0. A point of r∞ has homogeneous
projective coordinates (0, X1, X2, 0). By definition P = (0, 0, 1, 0) ∈ Σ0 and Pλ = (0, 1, λ, 0),
where λ = X2X1 and X1 = 0, is a point of Σ0 if and only if{
b = 1
ρbq = λ ⇔ λ = ρ.
It follows that r∞ ∩ Σ0 = {(0, 1, λ, 0) | λq+1 = ρq+1 = 1}, and so |r∞ ∩ Σ0| = q + 1.
Next, we investigate the intersection between r0 and Σ0. A point which lies on r0 has
homogeneous projective coordinates (X0, 0, 0, X3). Obviously, P = (0, 0, 0, 1) ∈ Σ0. Further,
a point Pλ = (1, 0, 0, λ), with λ = X3X0 and X0 = 0, lies on the subgeometry Σ0 if and only if{
ω−1ρaq = 1
a = λ,
hence λq = ω
ρ
. This equation admits a unique solution λ = ωq
ρq = ωqρ. As above, it follows that|r0 ∩ Σ0| = q + 1.
Finally, assuming t ∈ G F(q2)∗, we observe that a point of rt has homogeneous projective
coordinates (X0, t X0, ω−q tq X3, X3). It is clear that P = (0, 0, ω−q tq , 1) ∈ Σ0, whereas a point
Pλ = (1, t, ω−q tqλ, λ), with λ = X3X0 and X0 = 0, lies on the subgeometry Σ0 if and only if⎧⎪⎪⎨
⎪⎪⎩
ω−1ρaq = 1
b = t
ρbq = ω−q tqλ
a = λ,
hence λ = ωqρ. Arguing as in the previous cases, |rt ∩ Σ0| = q + 1.
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From [10, p. 379] it follows that for any point Pt ∈ L we can choose a Baer subline rt ∩ Σ0.
More precisely, if Pt ∈ Σ0 then the tangent plane πPt intersectsΣ0 in a Baer subplane containing
the Baer subline rt ∩Σ0; otherwise πPt meets Σ0 exactly in rt ∩Σ0, which turns out to be a Baer
subline. Since the q2 + 1 sublines rt ∩ Σ0, t ∈ G F(q2) ∪ {∞}, are mutually skew, they form a
spread of Σ0. Each subline is totally isotropic with respect to the symplectic polarity associated
with Σ0 (see [8]). Therefore, the second part of the statement follows. 
Now, we prove a more general result.
Proposition 3.5. For any pair {l, m} of skew generators of a Hermitian surface H(3, q2), there
is an element of PGU4(q2) that maps {l, m} to a pair of skew conjugate generators of H(3, q2).
Proof. First of all, if r is a line of PG(3, q2) we denote by rq the line containing the points of
the form xq = (cq, dq , aq , bq) as x = (a, b, c, d) runs over the points of the line r . The lines r
and rq are said to be conjugate.
We begin by showing the following property.
(∗) If l is a generator of H(3, q2), then the stabilizer of l in PGU4(q2) is transitive on the lines
of H(3, q2) skew to l.
By Witt’s theorem PGU4(q2) acts transitively on generators of H(3, q2). Let V be the 4-
dimensional vector space underlying PG(3, q2), f the non-degenerate Hermitian form fixed by
PGU4(q2), and W ⊂ V the totally isotropic 2-dimensional vector subspace underlying l. Let
{w1, w2} be a basis for W . By [11], there exists a 2-dimensional totally singular subspace U of V
with basis {u1, u2} such that V = W ⊕ U and f (wi , ui ) = 1 for i = 1, 2 and f (wi , u j ) = 0 for
i = j . We denote by G the stabilizer of W in U4(q2). With respect to the basis {u1, u2, w1, w2},
the elements of G are represented by matrices of the form(
X O2
Y Z
)
,
where O2, X, Y, Z are 2 × 2 matrices over G F(q2), such that O2 is the null matrix, t X Zq = I2,
t Y Xq + t X Y q = O2, det(X Z) = 0. The set of elements of G for which Y + t Y q = O2 forms
an elementary abelian subgroup E of order q4 acting transitively on generators ofH(3, q2) skew
to l, proving (∗).
For the sake of simplicity, we now suppose that H(3, q2) has canonical equation
X0 X
q
2 + X1 Xq3 + X2 Xq0 + X3 Xq1 = 0. (7)
From (7), it follows that if r is a generator ofH(3, q2), so is rq . It should be noted thatH(3, q2)
has a skew conjugate pair of generators; namely, the line r with equations X0 = X1 = 0 and
the line rq defined as above. By Witt’s theorem PGU4(q2) acts transitively on the generators
of H(3, q2), and hence there exists an element g ∈ PGU4(q2) such that lg = r . Obviously
mg and r are skew. Therefore mg and rq are both skew to r . Denote by L the stabilizer of r in
PGU4(q2). By property (∗) there exists h ∈ L such that mgh = rq . Thus, gh is the desired
element of PGU4(q2). 
The previous proposition allows us to show that the symplectic spread formed by the Baer
sublines rt ∩ Σ0, t ∈ G F(q2) ∪ {∞}, is regular. Indeed, all such lines meet the two skew
generators l and m of H with equations
l :
{
X0 = 0
X1 = 0, m :
{
X2 = 0
X3 = 0.
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By Proposition 3.5, it is always possible to assume m = lq . Therefore, this symplectic spread is
regular (see [5, p. 201]).
Conversely, given a regular symplectic spread S of Σ0, after extending over G F(q2) its
members, and intersecting with a Hermitian curve obtained by sectioningH(3, q2) with a secant
plane one can see that the resulting set is actually a CF -set. This depends on the fact that PSp4(q)
acts transitively on regular symplectic spreads of Σ0 and so we can always reduce to the case
when S is the spread constructed above.
The main theorem has been completely proved.
Remark 3.6. Let λ be a (q − 1)-st root of unity in G F(q2). Then, by Remark 2.3, rλ :
X0 + λX2 = 0 is a (q + 1)-secant line to K and it turns out that
rλ ∩K =
{
(1, t, tq+1) | t ∈ G F(q2)∗, tq+1 = −1
λ
}
.
By Proposition 3.4, to any point Pt := (1, t, tq+1) of rλ ∩K there corresponds the Baer subline
rt ∩ Σ0 :
{
X1 = t X0
X2 = ω−q tq X3.
Since λq−1 = 1, the equation tq+1 = − 1
λ
admits q +1 distinct solutions in G F(q2). Hence, with
the points of rλ ∩ K one can associate q + 1 Baer sublines. By Proposition 3.4, these sublines,
belonging to a symplectic spread of Σ0, are pairwise skew and form a regulus of the hyperbolic
quadricQ+(3, q) of PG(3, q) with equation X1 X2 + 1λω−q X0 X3 = 0.
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